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Bayesian model with clustering as ‘parameter’
T ={1,3,6,7,8}, {2,5,10,12,13}, {4,9,11,14,15}

b1,....0k i Normal(-)
(xi)iec, |0's Y Normal(y, -)

Inference based on IT| (x;)i<n
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Chinese Restaurant Process with parameter o can be viewed as a
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Bayesian inference and the MAP

Bayesian inference on the clustering of x = (x1,x2,...,xp):

the posterior distribution of II given x, i.e. IT| x

@ easy to compute up to the norming constant

P(IT = Z | x) o Prior x Likelihood

@ not possible to compute the norming constant

DEFINITION (the Maximum A Posteriori partition)

The MAP partition of x:
the partition /yap(x) that maximises P(II = 7 | x)
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Normal-Normal CRP model

In R.(2019) the MAP in the following model was analysed:

J ~ CRP(«a),
0=(0)ses| T = N, T)
Xy = (Xj)j€J|j,9 id N(GJ,Z) for Je J
The first result was that the clusters in the MAP partition are linearly
separated.
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Normal-Normal CRP model cnt.

‘Frequentists validation of the MAP’
Let X1, Xo,... be an IID sample from P.

How does fMAp(Xl;,,) behave as n — oo? ]
Question:

Can we control the (rela-
tive) size of the smallest
cluster?

Partly. ..

Of those clusters that in-
tersect given ball

Result (size of clusters)

If Xi,Xa,...~ P, E||X||* < oo, then a.s. for every r >0

liminf min{|J|: J € Zmap(X1.n), Jjes|1X|| < r}/n:=~ > 0.
n—oo
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Induced partitions

Let A be a fixed partition of RY:

Let X1, Xa,..., X S p

I?A(Xlﬁ) = {{1}’ {2a 7}7 {3’ 4, 6}a {5}}
you may compute P(Z#(X1.7) | X1.7)
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Induced partitions

Let A be a fixed partition of RY:
Let X1, Xz, - .., X10000 ~ P

Proposition

{’/]P’(I;,“(Xl;,,) | X1.n) 2 exp {AP(A)} where

= > P(A)InP(A)+ ZP B (XX | X € A)|2

AcA [ 2 aeh
\
log v/CRP prior log v/ Gaussian Likelihood

straightforward computations using SLLN
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MAP limits

n=o0???

If there is such limit, is it a maximiser o Ap?

Theorem (R. 2019)

Every limit point of the sequence of convex hulls of the MAP partitions is a
maximiser of Ap. (in Gaussian CRP model+P bounded&continuous)
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Conjugate exponential likelihand
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Or,....0 = Normal(-) x Wishart(-)
(x)iec, |0's ~ Normal(0', 0F)
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T = {1,3,6,7,8}, {2,5,10,12,13}, {4,9,11,14,15}
Or Ok~ H(O)exp{x -0 — 7C(8) — A(x, )}

(iicc |0s X h(x)exp{T(x)-0—C(8)}

i par. log-partition
obs. log-partition

sufficient stat.
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Exchangeable Random Partition (ERP) prior on partitions

1. Sample a division of [0, 1] into segments (possibly co):

Iy
0 9 6 10 42 7 58 1 8

2. Sample Xi,..., X, ~ Unif([0, 1])
3. Read the partition:

{1,3,5}, {2,4,10}, {6,9}, {7}, {8}

xchangeable Itandom [ artition

e.g. the Chinese Restaurant Process, Pitman-Yor Process
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the clusters of MAP in general exponential scheme are separated by the
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contour lines of linear functionals of T.
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Analogy to Fisher Discriminant Analysis

Fisher Discriminant Analysis is a technique for supervised learning
(classification, not clustering)
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Let A be a fixed partition of RY:
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Let X1,X2, S 7X1000 ~ P
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Induced partitions

Proposition (in previous Gaussian CRP model)

JP(ZA(X1:0) | X1:n) % exp {AP(A)} where
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straightforward computations using SLLN
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Induced partitions

Proposition (in general exponential ERP model)

JPEZA(X1n) | X1:n) % exp {Ap(A)} where

Ap(A) = > P(A)InP(A) + Y P(A)- C(E(T(X)| X € A))
AcA ( AcA [

X
log VERP prior log v/Exponential Likelihood
C*(t) = supy (t- 0 — C(0))

not that straightforward analysis

Both limits can be expressed as ||f||1n(x ) — [l Loo (2,0
(where f, — f pointwise)
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Uniform example

(A) Normal, fixed covariance:

A(p1,...,pn Zpllnpl 22 Zp’ (Plzpj)

i<n Jj<i

(B) Normal, random (Wishart) covariance

A(py,....pa) =Y pilnp; — Zp,

i<n /<n

What are the maximisers for P = Unif([0,1])7 —
o they are divisions into subsegments 472,75, P |

(A) division into segments of equal length, such that the within cluster
variance is X

(B) every division into subsegments gives the same (maximum)
score!
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Or,.... 0 Normal(-) x Wishart(Xo, 7o)

(x)icc |0’s < Normal(6!',6%) _
concentration
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Adjusted Wishart-covariance model
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Linear growth of clusters for adjusted model
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Linear growth of clusters for adjusted model
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Linear growth of clusters for adjusted model

n =500




Linear growth of clusters for adjusted model

n = 1000




Linear growth of clusters for adjusted model

n = 1000

Result for adjusted model and CRP prior

If X1,X5,...~ P, where P has a bounded support, then

liminf ~ min  |J|/n>0.
n—=00 JeZmap(X1:n)




Ap function for the adjusted model
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Ap function for the adjusted model
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Ap function for the adjusted model

1 d
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Ap function for the adjusted model
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@ as A — 0, this approaches random-covariance A
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Ap function for the adjusted model

1 d
AP,)\(A) = E‘A‘ . )\|Og |Zo| — 57

1 P(A

_Z P(A AI‘ v Va(X|X €A
Ac A

+ ) P(A)log P(A

Ac A

@ as A — 0, this approaches random-covariance A

@ as A — oo, this approaches fixed-covariance A

Maybe use its empirical equivalent to ,score” clustering proposals?



Ap function for the adjusted model
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Ap function for the adjusted model

~ 1 d
Bpa(T) = 5171 Mog| %ol - 5

PJ \7J+

Yo+

1
- = by + M)l
(P 1) log ps+ A ps+ A

Jeg
+ > bulogp
Jeg
@ as A — 0, this approaches random-covariance A

@ as A — oo, this approaches fixed-covariance A

Maybe use its empirical equivalent to ,score” clustering proposals?

We choose ¥ to be the total covariance matrix
@ ...its a natural upper bound for ¥,

@ ...then the value for 7 = {[n]} is the same for every A



K-means divisions of 5 Gaussian-clusters dataset
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Scoring the divisions using A,

1 2 3 1 5 6 7 s 9 10 11 12
The number of clusters

Black dots denote maximums



K-means divisions of 5 Gaussian-clusters dataset

—

1 2 3 1 5 6 7 8 9 10 1 12
The number of clusters

Two curves on gray area represent the distance to the 'true’ clustering.



4 dimensional example of 7 clusters

0.0

Quite representative; there is a range of A's for which we have a good choice.



Summary

@ Introduction: definitions and notation
Bayesian models for clustering, MAP
@ Results of R. (2019), for Gaussian CRP model with fixed covariance
linear separability of clusters
o linear growth of clusters (interesecting a fixed ball)
o limit formula for induced partitions
e converge result for convex hulls of clusters

o Generalisations
e separability of clusters in general exponential ERP
e limit formula for induced partitions in general exponential ERP
o linear growth of clusters for adjusted Wishart-covariance model and
bounded input
@ Applications
Using empirical version of adjusted Wishart-covariance A to score clustering
proposals



Thank you for your attention



