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The sparse corruptions problem

For taking into account occasional corruptions:

Sparse corruptions problem
y=XB%+/nu®+e
e yeR", XeR™P BOecRP, W0 eR"
€ ~ N(0n,02%1,).
high-dimension: p >> n, rank(X) = n.

sparsity: (39 is s-sparse, w? is k-sparse.
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The sparse corruptions problem

For taking into account additional occasional corruptions:

Sparse corruptions problem
y=XB%+/nu®+e
e yeR" XeR™P p0cRP, w0 eR"
€ ~ N (0n,02%1).
high-dimension: p >> n, rank(X) = n.

sparsity: (39 is s-sparse, w® is k-sparse.

Sparse linear model with an augmented design matrix and sparse vector

y =[x vl %] +e

2/17



Introduction Robust Lasso-Zero Missing data Numerical experiments Conclusion References
®0 0000 000 000000 o 00000

The sparse corruptions problem

Face recognition problem

Figure: Corrupted image, a sparse linear combination of all the training
images (middle) plus sparse errors (right) due to corruption. Red (darker)
coefficients correspond to training images of the correct individual.

Credit: [Wright et al., 2009].
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With sparse noise (w® # 0), without dense noise (¢ = 0):

Justice Pursuit (JP)

i A .t. =X A>0
pmin 18+ Ml sty = X8+ Vi,

Condition on (y, X)Recovery of (3%, w°)

Wright, Ma (2010) y Gaussian v (support)
Laska et al. (2009 :

Liasetaale. (3201(0) ) y, X Gaussian v (exact)

JP with tuned paramater

L E15) Kauborhomensl ./ (o

Nguyen and Tran (2013b)
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Existing works

With sparse noise (w® # 0), without dense noise (¢ = 0):

Justice Pursuit (JP)

i A t. =X A>0
min_ 8+ Al sty = X8+,

With sparse noise (w® # 0) and dense noise (e # 0):

Robust Lasso

*Ily XB —wll3 + AsllBll1 + A llwllz.

ﬁeRPweR"
Condition on (y, X) Recovery of (8%, w?)
Nguyen and Tran (2013b)X Gaussian - v (sign)
f1-penalized Huber's XG an ]
M-estimator Dalalyan aUSRIal ariance matrix v (sign)

and Thompson (2019) invert
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Existing works

With sparse noise (w® # 0), without dense noise (¢ = 0):

Justice Pursuit (JP)

i A t. =X A>0
min_ 8+ Al sty = X8+,

With sparse noise (w® # 0) and dense noise (e # 0):

Robust Lasso

1
in Sy — X8 —w|?+ )\ A .
geR“?g'eMHy B —wllz + AsllBll1 + Awllwllx

e Our proposal: same problem but different strategy, solving Justice
Pursuit and thresholding.
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Our strategy: "Overfit, then threshold."

Sparse-linear model

Strategy already introduced for the sparse-linear model y = X3° + €.
Thresholded Basis Pursuit [Saligrama and Zhao, 2011]

e solving the Basis Pursuit min||8]1 st. y = Xg.
BeRP

e setting the small coefficients to zero.

X noise generally overfitted.
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Our strategy: "Overfit, then threshold."

Sparse-linear model

Strategy already introduced for the sparse-linear model y = X3° + €.
Thresholded Basis Pursuit [Saligrama and Zhao, 2011]

e solving the Basis Pursuit min||8]1 st. y = Xg.
BeRP

e setting the small coefficients to zero.

X noise generally overfitted.

Lasso-Zero [Descloux and Sardy, 2018]

e For ke {0,..., M}

e use a Gaussian noise dictionary G(¥) e R"*9 ¢ > 0.
e solve BP problems with the augmented matrix [X|G].

e Aggregate the obtained estimates 3, ..., A(M) with the
component-wise medians.

e Threshold the aggregated estimator at level 7 > 0.
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Our strategy: "Overfit, then threshold."

Sparse corruption model

"Thresholded Justice Pursuit"

e solving the Justice Pursuit = 837, &

e hard-thresholding the solution ﬁ(A’T) = 1. (B) and w(/\ T) = . (&3F).

v

Robust Lasso-Zero
e For ke {0,..., M}

e use a Gaussian noise dictionary G e R"*9 g > 0.
e solve the augmented JP problem

BP,6,4% e argmin 1B+ Alwlly + vl
BERP, weR", veR"
s.t. y = XB + +/nw+ G<k>'7.
o Aggregate the obtained estimates ﬂ(l) ,ﬂAgM) with the
Amed

component-wise medians = (%

o Hard-threshold 3{\%5° := 1~ (BV°Y) = BY*1 (7, 400 (|8

N,
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Theoretical guarantees on Thresholded Justice Pursuit

Identifiability as a necessary and sufficient condition for consistent sign recovery

Lt see the Robust Lasso-Zero as an extension of the Thresholded Justice
Pursuit (TJP). — theoretical results derived for TJP.

Identifiability for the TJP

= Extension of [Tardivel and Bogdan, 2019] for the TBP.

(8°,w®) € RP x R” is identifiable with respect to X € R"*P and A > 0 if
it is the unique solution to JP when y = X% + \/nw® (noiseless case).

For a fixed matrix X € R"*P and a sequence {(8("),w("))},en+ assume
e the sign vectors of 3(") and w(") are invariant, i.e.
36 € {1, —1,0}" such that sign(8") = 6, ¥r € N* (resp. for w"),
e the nonzero coefficients are large i.e.

mln{ﬁfn’l?ﬂ mln}

I , = 400 d 3dg>0, > q,
im mln{ﬁrnln m,n} + an q max (|87 1o, |0 1o} q

where Bmin := Minjesupp(s) | 5G;l-
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Theoretical guarantees on Thresholded Justice Pursuit

Identifiability as a necessary and sufficient condition for consistent sign recovery

(B(T/\JF;()’),Q(TAJF;()')): TJP estimates when y = y() := X3 4+ /nw(") + .

Theorem 1 (Descloux, Boyer, Josse, S., Sardy, 2020)

Let A > 0 and X € R"*" such that for any y € R”, the JP solution is unique.
Let {(8"),w(")},cnx be a sequence satisfying assumptions above.

e If the pair of sign vectors (9,5) is identifiable w.r.t. X and )\, then
3R,Vr = R, there is a threshold 7 = 7(r) > 0 for which

sign(,@’(T/\J":()r)) =6 and sign(dzz—;i()r)) =40 (1)

e Conversely, if for some € € R”Nand r € N* there is a threshold 7 > 0
such that (1) holds, then (6, 0) is identifiable w.r.t. X and .
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Theoretical guarantees on Thresholded Justice Pursuit

Sign consistency of TJP for correlated Gaussian designs

— How large the coefficients should scale to be correctly detected?
Assume a correlated Gaussian design, i.e. X;. € RP "= N(0,X) and

e the smallest eigenvalue of the covariance matrix X is positive,
e the variance of the covariates is equal to one,

e the noise is assumed to be Gaussian.

Theorem 2 (Descloux, Boyer, Josse, S., Sardy, 2020)

Under the correlated Gaussian design above and signal-to-noise ratio high
enough, TJP successfully recovers sign(3°) with high probability, even
with a positive fraction of corruptions.
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Theoretical guarantees on Thresholded Justice Pursuit

Sign consistency of TJP for correlated Gaussian designs

— How large the coefficients should scale to be correctly detected?

Theorem 2 (if X is well-conditioned and p/n — 6 > 1)

e Assume that the eigenvalues of X are bounded:
0< 71 < )\min<z) < )\max(z> < Y2

e Assume p/n — § > 1.

TJP achieves sign consistency provided that

n=Q(slogp), k = O(n) and B, = Q(+/n).

(s: sparsity of 3°, k: sparsity of w®)
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Missing covariates in high dimension

e X partially known, we observe (y, XN4) instead of (y, X)

e very few works for dealing with missing covariates in the high
dimensional setting.

(Liu et al., 2016) multiple imputation  increasingly complex
(Rosenbaum et al., 2013) modified Dantzig selector _estimation X
EE‘;’;tz"adng";g‘r’g%hl#‘)lz) modified LASSO estimation ¥
(Jiang et al., 2019) Adaptive Bayesian SLOPE  estimation -

X Parametric assumption on the covariates for the estimation of ¥.

X Restrictive assumptions on the missing-data mechanism:
missingness completely at random.

X Not suitable in practice.
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Missing data as corruptions

v What we can do (well): impute "naively" the missing entries (by
the mean for example).

X Bias in the estimates

ex: Income is missing.

601 .
vee®e & ..
501 e .
CIE.) %, e
€40 :
[&]
£ )
30 :
201.
30 40 50
Age
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Missing data as corruptions

v What we can do (well): impute "naively" the missing entries (by
the mean for example).

X Bias in the estimates

1. Impute "naively" the missing entries in XN to get X and then correct
the imputation error.

2. See the imputation error as a corruption.

y = Xp°
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Missing data as corruptions

v What we can do (well): impute "naively" the missing entries (by
the mean for example).

X Bias in the estimates

1. Impute "naively" the missing entries in XN to get X and then correct
the imputation error.

2. See the imputation error as a corruption.
How to solve y = X3° + € if we observe (XN4y) ?

e rewrite the model in the form of the sparse corruption model,
where

W= (X - X)p°

is the corruption due to imputations.
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Robust Lasso-Zero for dealing with missing data

Robust Lasso-Zero for missing data

e Impute "naively" XN4 and rescale the imputed matrix X.

e Run Robust Lasso-Zero algorithm with the design matrix X.

v without specify a model for the covariates or the missing data
mechanism

v~ without estimation of the covariates covariance matrix or of the
noise variance,

v simple method for the user.
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Simulation settings

e X ~N(0,X), ¥ e R®*2% js 3 Toeplitz matrix, s.t. ¥; = pl™ .

e noise level o = 0.5, coefficient 8° drawn uniformly from {+1}.

e Missing values: MCAR (random missingness, a = 0) or MNAR
(informative missingness, a # 0).

o

14 e—alxl=b’

e Rlass0: Robust Lasso-Zero using M = 30 noisy dictionaries. The tuning
parameters are obtained using A = 1 and selecting 7 by quantile universal
threshold (QUT) at level o = 0.05.

o lass0: Lasso-Zero [Descloux and Sardy, 2018]. The automatic tuning is
performed by QUT, at level @ = 0.05.

e lasso: Lasso [Tibshirani, 1996] performed on the mean-imputed matrix
where the regularization parameter is tuned by cross-validation.

PX;A =NA | Xj=x) = a>0and beR.

e NClasso: the nonconvex ¢; estimator of [Loh and Wainwright, 2012].
e ABSLOPE: Adaptive Bayesian SLOPE of [Jiang et al., 2019].
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Simulation settings

e X ~N(0,X), ¥ e R®*2% js 3 Toeplitz matrix, s.t. ¥; = pl™ .

e noise level o = 0.5, coefficient 8° drawn uniformly from {+1}.

e Missing values: MCAR (random missingness, a = 0) or MNAR
(informative missingness, a # 0).

1

m,B}O&HdbER.

P(X;™ =NA | Xy =x) =

Performance evaluation

e the Probability of Sign Recovery (PSR), PSR = P(sign(3) = sign(3°)),

e the signed True Positive Rate (sTPR), the proportion of nonzero
coefficients whose sign is correctly identified;

e the signed False Discovery Rate (sFDR), the proportion of incorrect signs
among all discoveries.
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Results with s-oracle hyperparameter tuning

Non-correlated case

p=0 p=0
s=3 s=10 s=3 s=10
100 49— 100 4——————————»
075 075 \3’
- g g
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gozs 025
< 0.00 Q- 0.00
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‘05075 N 075 N
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O 050 > 050 S
Q =z P4
> 025 >

o o
o
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°
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8

MCAR MNAR ~ MCAR MNAR MCAR MNAR  MCAR MNAR
(a=0) (a=5) (a=0) (a=5) (a=0) (a=5) (a=0) (a=5)
< Rlass0 # lass0 < lasso *# NClasso < Rlass0 # lass0 < lasso *# NClasso
(a) PSR (b) sTPR

e 5% NA and high sparsity: similar results.

e 20% NA and high sparsity: Robust Lasso-Zero outperforms other methods for
MNAR setting.

e lower sparsity: Robust Lasso-Zero and Lasso-Zero generally give the best results.
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Results with s-oracle hyperparameter tuning

Correlated case

p=0.75 p=0.75
s=3 s=10 s=3 s=10

o e
S B
& 8

°
@
8

VN %S
VN %S

s o o
o5 &
88 &

VN %02
VN %0¢

proba of sign recovery
s-TPR

Sy e

& 0.00

°
3
8

MCAR MNAR  MCAR MNAR MCAR MNAR  MCAR MNAR
(a=0) (a=5) (a=0) (a=5) (a=0) (a=5) (a=0) (a=5)
< RlassO # lassO - lasso *# NClasso < Rlass0 # lassO - lasso *# NClasso

(a) PSR (b) sTPR
e similar results as in the non-correlated case.

e 5% NA and high sparsity: Robust Lasso-Zero for the MNAR setting behaves
very well.
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Results with automatic hyperparameter tuning

Non-correlated case

p=0 p=0
s=3 s=10 s=3 s=10
100 e 1.00 ©
S Se———==
0.75 0.75
2 2
050 > 050 >
g’ 2 2
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@ 0.00 @ ® & 24 Q. 0.00
& 100 100
© 0
o N 075 N
S Q Q
0.50 > 0.50 )
=z P4
025 > 025 >
—
0.00 & > & 0.00
MCAR MNAR  MCAR MNAR MCAR MNAR  MCAR MNAR
(a=0) (a=5)  (a=0) (a=5) (a=0) (a=5)  (a=0) (a=5)
- Rlass0 # lass0 < lasso % ABSLOPE - Rlass0 # lassO < lasso % ABSLOPE
(a) PSR (b) sTPR

e 5% NA, high sparsity: except the LASSO, good performances.
e 20% NA, high sparsity: Robust Lasso-Zero has the best PSR.
o lower sparsity: except the LASSO, the methods are comparable in terms of PSR.
o ABSLOPE behaves well in term of sTPR.
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Results with automatic hyperparameter tuning

Correlated case

s=3 s=10 s=3 s=10

VN %S
VN %S

0.50 0.50
c
>
‘% 025 0.25
s \ o
@ 0.00 © @ » Q. 0.00
& 100 'l_ 1.00
© ]
Sors N 075 N
E_ =] Q
> 050 S
z z
> 025 >
S
0.00 & 0.00
MCAR MNAR  MCAR MNAR MCAR MNAR  MCAR MNAR
(a=0) (a=5) (a=0) (a=5) (a=0) (a=5) (a=0) (a=5)
< Rlass0 # lass0 ¢ lasso * ABSLOPE < Rlass0 # lass0 ¢ lasso * ABSLOPE

(a) PSR (b) sTPR

e ABSLOPE generally behaves well.
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Results with automatic hyperparameter tuning
SFDR

p=0 p=0.75
s=3 s=10 s=3 s=10
1.00 1.00
N D EEEEE——
075 ® & 7S 075 o ®
g g
050 s 050 °
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MCAR MNAR  MCAR MNAR MCAR MNAR  MCAR MNAR
(a=0) (@=5) (a=0) (a=5) (a=0) (@=5) (a=0) (a=5)
< RlassO # lassO ¢ lasso * ABSLOPE < RlassO # lassO ¢ lasso * ABSLOPE
(a) Non-correlated case (b) Correlated case

Robust Lasso-Zero and Lasso-Zero have better performances than ABSLOPE.

even with low sparsity and 20 % NA, FDR stability in the MCAR and MNAR
settings.
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Conclusion

e Robust Lasso-Zero: overfit by solving the Justice Pursuit and
threshold by handling the overfitting with the use of noise
dictionaries.

e Theoretical guarantees for Thresholded Justice Pursuit, a simplified
version of the Robust Lasso-Zero.

e Applying Robust Lasso-Zero for dealing with missing data, simple
method without parametric assumption.
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